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Abstract
In this paper we study linear relations among theta series of genera of positive definite n-ary quadratic
forms with given level D,2D,4D and 8D for square free D. We obtain a basis for the space generated by
genus theta series. This forms a basis of Eisenstein space.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
It is well known that the orthogonal complement of the subspace of cusp forms with respect to
the Petersson inner product is generated by Eisenstein series of the weight k  52 . The weighted
sum of theta series of genera of quadratic forms, called “a genus theta series,” belongs to the
space of Eisenstein series. In [1], the dimension of the space spanned by theta series of genera of
positive definite ternary forms of level 4D and character χ was computed and the explicit linear
relations among them were given.
In this paper, we study the genus theta series contained in Mk(N,χ), for k  52 , k ∈ 12Z.
Here Mk(N,χ) denotes the space of modular forms of weight k with character χ on Γ0(N).
We compute the dimension of the space spanned by theta series of genera of positive definite
n-ary forms, for n 5, of level D, 2D, 4D or 8D and find linear relations among them. In par-
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detail; first we find all distinct genera of positive definite n-ary forms of level 4D, D square
free, with character χ. Secondly, by checking the values of genus theta series at all the cusps
of Γ0(4D), explicitly, linear relations among some of these theta series are determined and a
maximal linearly independent set for the space spanned by all the genus theta series is found. As
a corollary, we obtain a set of genus theta series of n-ary quadratic forms, which is a basis of the
Eisenstein space. We state the similar results for the remaining cases, say, for the level D, 2D
and 8D without detailed proofs in Sections 5–7. Throughout this paper we assume that D is an
odd square free positive integer and  is a divisor of D.
2. Number of genera of positive definite n-ary forms
In this section we find all genera of n-ary forms, n odd  5, of level 4D and character χ
using the local behavior of quadratic forms. The case when n = 3 was already studied in [1,3].
Suppose that p is an odd prime. Since f over Zp may be decomposed into one-dimensional
quadratic form and the level of f is D, f can be written by
∑
αix
2
i +
∑
pβjy
2
j , where αi and
βj are p-adic units.
∑
αix
2
i is called a unimodular part of f . f is called a unimodular form if the
unimodular part of f is equal to f . First, we consider the local properties of f at odd prime p.
Lemma 2.1. Let p be an odd prime. Suppose that f is an n-ary form of level 4D with the
character χ. Assume that αi,βj are p-adic units.
(1) If p | D, p | , then f is equivalent to∑ki=1 αix2i +∑nj=k+1 βjpy2i over Zp , for some k such
that 2 | k, 1 k  n− 1.
(2) If p | D, p  , then f is equivalent to∑ki=1 αix2i +∑nj=k+1 βjpy2j over Zp , for some k such
that 2  k, 1 k  n− 1.
(3) If p  D, p  , then f is equivalent to∑ni=1 αix2i , where αi are p-adic units and there is the
unique equivalent class of unimodular form f over Zp .
(4) Let f be one of the above type forms in (1) or (2). Then, for a fixed discriminant, there
are two inequivalent classes over Zp and they are determined by the discriminants of their
unimodular part.
Using the 2-adic local theory, f is equivalent over Z2 to, for α ∈ Z∗2,
αx2 + 2(x20 + x0y0 + y20)+∑
i
x1iy1i + 2
(∑
j
x2j y2j
)
+ 4
(∑
k
x2ky2k
)
or
αx2 +
∑
i
x1iy1i + 2
(∑
j
x2j y2j
)
+ 4
(∑
k
x2ky2k
)
.
Hence the direct computation gives the following:
Lemma 2.2. Let f be an n-ary form with level 4D and character χ. Let n1 = n−12 . Then thefollowing are true:
(1) If  ≡ (−1)n1−17 (mod 8) then f is equivalent over Z2 to one of the following forms:
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∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
,
5x2 + 2(z2 + zw +w2)+∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
.
(2) If  ≡ (−1)n1−15 (mod 8) then f is equivalent over Z2 to one of the following forms:
3x2 +
∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
,
7x2 + 2(z2 + zw +w2)+∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
.
(3) If  ≡ (−1)n1−13 (mod 8) then f is equivalent over Z2 to one of the following forms:
5x2 +
∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
,
x2 + 2(z2 + zw +w2)+∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
.
(4) If  ≡ (−1)n1−1 (mod 8) then f is equivalent over Z2 to one of the following forms:
7x2 +
∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
,
3x2 + 2(z2 + zw +w2)+∑
i
z1iw1i + 2
(∑
j
z2jw2j
)
+ 4
(∑
k
z3kw3k
)
.
Proof. The results can be derived using local properties and we omit the detailed proof. 
We have investigated the local properties of f of level 4D. Now we construct global forms
(form over Z) of level 4D. First, we construct quadratic space over Q. The following theorem
gives necessary and sufficient conditions for the existence of a quadratic space over Q with given
local conditions.
Theorem 2.3. An n-ary quadratic space U(p) is given over Qp for each prime p. The following
conditions are necessary and sufficient conditions to show the existence of an n-ary space V
over Q such that U(p) is equivalent to Vp for all primes p:
(1) there is a d0 ∈ Q with disc(U(p)) = d0 for all p,
(2) SpU(p) = 1 for almost all p,
(3) ∏p SpU(p) = 1.
Here, SpV(p) denotes the Hasse symbol of V at p.
Proof. See [4, p. 203]. 
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primes. It is well known that one can construct new integral quadratic form on V by replacing a
quadratic form fp over Zp on V ⊗ Zp for all p ∈ S. Using this fact and Theorem 2.3, we obtain
the following result which is about the number of genera of positive definite quadratic forms
having level 4D and character χ.
First, we introduce the following notations: let {p1, . . . , pt } be the set of all prime divisors
of D. For each (t +4)-tuple S = (δ, u1, u2, u4, up1 , . . . , upt ) we correspond it to the set of genera
of n-ary form f of level 4N and character χ, called a S-type genus, as follows:
(a) δ is 1 or 0 whether, as in Lemma 2.2, the term 2(x2 + xy + y2) appears in the expression
of f over Z2, or not.
(b) In Lemma 2.2, u1, u2 and u4 are half of the ranks of (
∑
i x1iy1i ), 2(
∑
j x2j y2j ) and
4(
∑
k x2ky2k), respectively. Note that δ + u1 + u2 + u4 = n1.
(c) upi is the rank of unimodular part of f over Zpi .
When the genus of f is of S = (δ, u1, u2, u4, up1, . . . , upt )-type, we say that f is of S-type
form. We now state the result about the number of genera.
Theorem 2.4. Let g(4D) be the number of genera of positive definite n-ary forms having
level 4D and character χ. Then
g(4D) = (n1 + 1)22t (D)−1nt(D)1 .
Here, t (D) denotes the number of distinct prime factors of D and n1 = n−12 .
Proof. Suppose that f is equivalent to S = (1, u1, u2, u4, up1, . . . , upt )-type with u1 +u2 +u4 =
n1 − 1 and upi runs through even or odd integers i such that 1 i  n− 1, according that pi | 
or not. The Hasse symbol S2(f ) of f at 2 is determined, if f is S-type. Lemma 2.1 implies
that there are two possible choices on odd prime divisor p of D. Moreover, by Theorem 2.3,
for a fixed S-type form, there are 2t (D)−1 genera of level 4D and character χ. And the number
of type S with δ = 1 is n1(n1+1)2 × (n1)t (D). The remaining case is similar to the previous one.
Hence we obtain the result. 
3. Genus theta series of n-ary forms
In this section we study genus theta series of n-ary quadratic forms and evaluate their values at
all the cusps. Let f (x1, x2, . . . , xn) be a positive definite quadratic form with integral coefficients
and Af = ( ∂2f∂xs∂xt ). Put
θf (z) =
∑
m∈Zn
e
(
zmAfm
t/2
)
, z ∈H, e(z) := e2πiz,
O(f ) = #{S ∈ Mn×n(Z) ∣∣ SAf St = Af },
θ(genf, z) =
(∑
fi
1
O(fi)
)−1∑
fi
θfi (z)
O(fi)
,
where fi runs over a complete set of representatives for the equivalence classes in the genus of f .
The weighted sum θ(genf, z) is called a “genus theta series of f .” Suppose that N is the level
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following given in [5]:
Theorem 3.1. Let f be a positive definite integral n-ary form with level N . Then
(1) θf (z) is in Mn/2(N,χ),
(2) θ(genf, z) is in the space of Eisenstein series En/2(N,χ) ⊂ Mn/2(N,χ),
where
χ =
⎧⎨
⎩
( 2 det(Af )
∗
)
if 2  n,( (−1)n/2 det(Af )
∗
)
if 2 | n.
Let S(N) be a complete set of representatives of equivalence classes of cusps of group Γ0(N).
Note that we can choose
S(4D) =
{
1
c
,
1
2c
,
1
4c
∣∣∣∣D ≡ 0 (mod c)
}
.
The following gives the values of theta function at all the cusps [2].
Proposition 3.2.
(1) The value of θf at each cusp 1c ∈ S(4D), 1c = ∞, can be computed as
V
(
θf ,
1
c
)
= (−i) n2 (detAf )− 12 c− n2 GAf (1, c),
where GAf (1, c) :=
∑
x (mod c) e(
xAf x
t
2c ).(2) If (c, c′) = 1, then GAf (1, cc′) = GAf (c, c′)GAf (c′, c).
(3) For each odd prime p, suppose that Af ≡ diag(α1pβ1, α2pβ2, . . . , αkpβk ) at p, where
αi ∈ Z∗p , 0 β1  β2  · · · βk rational integers and lm = #{βi | βi m}. Then
GAf
(
1,pm
)= pmlm ∏
βi<m
(
α′i
pm−βi
)
εpm−βi p
m+βi
2 ,
where εd = 1 or i according to d ≡ 1 or 3 (mod 4), respectively.
(4) Suppose that
Af ≡
l⊕
i=1
αi2si
l1⊕
j=1
βj2tj
(
0 1
1 0
) l2⊕
s=1
γs2us
(
2 1
1 2
)
.
Then
GAf
(
1,2m
)= 2mlm ∏
si<m+1
G1,m+1−si
(
1αi,2m
) ∏
tj<m
2m+tj
∏
us<m
(−1)m−us 2m+us ,
where
lm = #{si | si m+ 1} + 2#{tj | tj m} + 2#{us | us m}
Y. Choie, Y. Chung / J. Math. Anal. Appl. 325 (2007) 1430–1441 1435and
G1,t
(
αi,2m
)=
⎧⎨
⎩
0, if t = 1,
(1 + iαi )2m− t2 , if t is even,
2m− t−12 e
πiaαi
4 , if t > 1 and odd.
Proof. See [2]. 
We now compute the values of θf at all the cusps of Γ0(4D):
Proposition 3.3. Let fi be a positive definite n-ary form of S = (δ, u1, u2, u4, up1, up2 , . . . , upt )-
type with level 4D and character χ. Let ij be discriminant of unimodular part for fi over Zpj ,
where pj is a prime such that pj | D. Then for each c such that c | D, we have
(1)
V
(
θfi ,
1
c
)
= (−i) n2 (detAfi )−
1
2 c−
n
2
∏
pj |c,pj |
ε
upj
pj
(
ij
pj
)
p
− upj2 +n
j
×
∏
pj |c,pj 
ε
upj
pj
(
ij · c/pj
pj
)
p
− upj2 +n
j .
(2) If δ = 1, then
V
(
θfi ,
1
4c
)
= (−i) n2 (detAfi )−
1
2 (4c)−
n
2
(
1 + iα′)(−1)24+2u1+3u2+4u4
×
∏
pj |c,pj |
ε
upj
pj
(
ij
pj
)
p
− upj2 +n
j
∏
pj |c,pj 
ε
upj
pj
(
ij · c/pj
pj
)
p
− upj2 +n
j ,
where u1 + u2 + u4 = n1 − 1.
(3) If δ = 0, then
V
(
θfi ,
1
4c
)
= (−i) n2 (detAfi )−
1
2 (4c)−
n
2
(
1 + iαic)21+2u1+3u2+4u4
×
∏
pj |c,pj |
ε
upj
pj
(
ij
pj
)
p
− upj2 +n
j
∏
pj |c,pj 
ε
upj
pj
(
ij · c/pj
pj
)
p
− upj2 +n
j ,
where u1 + u2 + u4 = n1.
Proof. We derive the results using Proposition 3.2. 
Remark 3.4.
(1) Suppose c is a fixed odd divisor of D and fi runs through all genera whose types are con-
tained in {(0, u1 + 1, u2, u4, up1 , up2 , . . . , upt ), (0, u1, u2 +1, u4, up1, up2 , . . . , upt ), (0, u1,
u2, u4 + 1, up1, up2 , . . . , upt ), (1, u1, u2, u4, up1 , up2, . . . , upt ), (1, u1 − 1, u2 + 1, u4, up1 ,
up2, . . . , upt ), (1, u1 − 1, u2, u4 + 1, up1 , up2, . . . , upt )}, for fixed u1, u2, . . . , upt . Then
Proposition 3.3 implies that
1436 Y. Choie, Y. Chung / J. Math. Anal. Appl. 325 (2007) 1430–1441(a) The factors of V (θfi , 1c ) except (detAfi )−1/2
∏
pj |c(
ij
pj
) are fixed.
(b) The factors of V (θfi , 14c ) except (detAfi )−1/2(−1)δ2∗
∏
pj |c(
ij
pj
) are fixed. Here 2∗ is
the power of 2 in V (θfi , 14c ) and δ is defined in Lemma 2.2.(2) Suppose c is a fixed divisor of D and for fixed δ,u1, u2, . . . , upt , fi runs through all
genera whose types are contained in {(δ, u1, u2, u4, up1, up2 , . . . , upt ), (δ, u1, u2, u4, up1,
up2 + 2k, . . . , upt ), (δ, u1, u2, u4, up1 , up2 + 4k, . . . , upt )}, for some integer k such that
1 up2, up2 + 4k  n− 1. Proposition 3.3 implies that
(a) If p2  c, then factors of V (θfi , 1c ) except (detAfi )−1/2
∏
pj |c(
ij
pj
) are fixed.
(b) If p2 | c, then factors of V (θfi , 1c ) except (detAfi )−1/2p∗2ε∗
′
p2
∏
pj |c(
ij
pj
) are fixed. Here
p∗2 and ε∗
′
p2 are the powers of p2 and εp2 , respectively, in V (θfi ,
1
c
).
4. Dimensions and linear relations of genus theta series of quadratic forms of odd rank
with level 4D
In this section we state our main result about genus theta series of n-ary forms of odd rank
with level 4D.
Theorem 4.1. Suppose that all quadratic forms in the statements are of level 4D and charac-
ter χ.
(a) The number of linearly independent genus theta series θ(genf, z) for n-ary quadratic
forms f with level 4D and character χl is 2t (D)+1, where t (D) is the number of prime
factors dividing D.
(b) Let h′, g′ and f ′ be n-ary forms whose types are (δ, u1, u2, u4, up1 , up2 , . . . , upt ), (δ, u1 −1,
u2 +1, u4, up1, up2 , . . . , upt ) and (δ, u1 −1, u2, u4 +1, up1, up2 , . . . , upt ), respectively. Sup-
pose that for all odd prime divisors of D, discriminants of their unimodular parts are the
same. Then there are linear relations among their genus theta series:
3θ(geng′, z) = θ(genh′, z)+ 2θ(genf ′, z).
(c) Let n  7. Assume that pk is a prime factor of D, for some k, 1  k  t , such that pk ≡ 1
(mod 4). Let h′′, g′′ and f ′′ be n-ary forms whose types are (δ, u1, u2, u4, up1 , . . . , upk , . . . ,
upt ), (δ, u1, u2, u4, up1 , . . . , upk − 2, . . . , upt ), (δ, u1, u2, u4, up1 , . . . , upk − 4, . . . , upt ), re-
spectively, where δ,u1, . . . , upk , . . . , upt are fixed, 1  upk − 4, upk  n − 1. If, for each
odd prime divisor of D, their discriminants of unimodular parts coincide, there are linear
relations among their genus theta series:
(pk + 1)θ(geng′′, z) = θ(genh′′, z)+ pkθ(genf ′′, z).
(d) Let n  11. Assume pk is a prime factor of D for some k, 1  k  t , such that pk ≡
3 (mod 4). Let h′′′, g′′′ and f ′′′ be n-ary forms whose types are (δ, u1, u2, u4, up1 , . . . ,
upk , . . . , upt ), (δ, u1, u2, u4, up1, . . . , upk −4, . . . , upt ), (δ, u1, u2, u4, up1, . . . , upk −8, . . . ,
upt ), respectively, where δ,u1, . . . , uk, . . . , upt are fixed, 1  upk − 8, upk  n − 1. If, for
each odd prime divisor of D, their discriminants of unimodular parts coincide, then there
are linear relations among their genus theta series:(
p2k + 1
)
θ(geng′′′, z) = θ(genh′′′, z)+ p2kθ(genf ′′′, z).
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A =
(∏
p|cj
(
i,p
p
))
and A′ =
(∏
p|cj
(
′i,p
p
))
,
where 1
cj
runs over all the cusps of Γ0(4D) with an odd denominator and i,p and ′i,p run
through discriminant of unimodular part at Zp of type in (0, u1 +1, u2, u4, up1 , up2, . . . , upt ) and
(1, u1, u2, u4, up1 , up2 , . . . , upt ), respectively. We consider the set T = {(0, u1 + 1, u2, u4, up1 ,
up2, . . . , upt ), (0, u1, u2 + 1, u4, up1 , up2, . . . , upt ), (0, u1, u2, u4 + 1, up1, up2 , . . . , upt ), (1, u1,
u2, u4, up1 , up2, . . . , upt ), (1, u1 − 1, u2 + 1, u4, up1, up2 , . . . , upt ), (1, u1 − 1, u2, u4 + 1, up1,
up2, . . . , upt )}. Consider the (3 × 2t (D))× 2t (D)+1 matrix
HT =
(
V
(
θfi ,
1
cj
))
,
where 1
cj
∈ S(4D), such that cj ≡ 0 (mod 4) or 2  cj and fi runs over all genera of types in T
with level 4D, character χ. By Remark 3.4, rearranging of order of forms, we may decom-
pose HT into three matrices (see proof of Theorem 4.2 in [1]).
Since we look for linear relations among rows of HT , it is sufficient to consider the second
matrix in the above decomposition for HT , which is(
A A A A′ A′ A′
A 2A 4A −2A′ −4A′ −8A′
)t
.
Since
(
A
A′
)
is a nonsingular matrix, the 2t (D)+1 × 2t (D)+1 matrix
B =
⎛
⎜⎝
A A
A 2A
A′ −2A′
A′ −8A′
⎞
⎟⎠
is nonsingular. We also know that dimEn/2(4D,χ) = 2t (D)+1. This proves (a).
(b) Since (A,4A) = 3(A,2A) − 2(A,A) and (A′,−8A′) = 3(A′,−4A′) − 2(A′,−2A′), we
have linear relations among genus theta series for given n-ary forms of type T . This proves (b).
(c) Fix the order of cusps in the set W := {c′1, . . . , c′2t (D) , pkc′1, . . . , pkc′2t (D)}, where c′i runs
over all factors of 4D such that pk  c′i and (4, c′i ) = 2. For Si = (1, u1, u2, u4, up1 , . . . , upk −
2(i − 1), . . . , upt ), where all upi are fixed and 1  i  3. For each i, S±1i,pk is defined by the
set of genera of n-ary forms whose type is Si and Legendre symbol of their discriminant of the
unimodular part at pk is ±1, respectively. Consider the matrix
HW =
(
(−i)−n/2 det(Afi )1/2V
(
θfi ,
1
dj
))
,
1
dj
∈ W,
where fi runs over all genera of type in {S′+1,pk ,S′+2,pk ,S′+3,pk }. As in the proof of (b), it is sufficient
to check the linear relations among the rows of the following matrix:
H ′ :=
(
A′′ A′′
A′′ pA′′
′′ 2 ′′
)
,A p A
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A′′ =
(∏
p|c′j
(
′′i,p
p
))
,
where ′′i,p runs over the discriminants of unimodular part of forms whose types are contained
in S′+1,pk . (If t (D) = 1, we need to choose one of ± so that S′ ∗1,pk is nonempty.) Hence we obtain
(p + 1)(A′,pA′) = p(A′,A′) + (A′,p2A′). The remaining cases are similar. Hence the proof
of (c) is completed.
(d) Since the proof (d) is similar to that of (c), we omit the detailed proof. 
Remark 4.2. Note that relations in (b), (c) and (d) of Theorem 4.1 hold among the same type
genus theta series of level D, 2D and 8D.
Corollary 4.3.
(a) The genus theta series of n-ary positive definite quadratic forms of level 4D and character
χ span the space En/2(4D,χ).
(b) For a suitable choice u1, u2, . . . , up1 , . . . , upt , all the genus theta series of type contained
in the set {(0, u1 +1, u2, u4, up1 , up2, . . . , upt ), (0, u1, u2 +1, u4, up1 , up2, . . . , upt ), (1, u1,
u2, u4, up1 , up2, . . . , upt ), (1, u1 − 1, u2 + 1, u4, up1 , up2, . . . , upt )} forms a basis of the
space En/2(4D,χ).
Proof. Theorem 4.1 shows the dimension of the space spanned by genus theta series of an
n-ary form with level 4D and character χ. We also know the dimension of the Eisenstein space
En/2(4D,χ). Hence corollary follows immediately. 
Example 4.4. Using the quinary quadratic forms in Sloane’s home page, we obtain the following
linear relations and a basis for genus theta series of quinary quadratic forms of level 12 and
character χ3.
(a) We can take the following genus theta series as a basis of the Eisenstein space E5/2(12, χ3):
(1)
∑
xi∈Z
qx
2
1+x22+x23+x24+x25+x1x4+x2x4+x2x5+x3x5 ,
(2)
1
5
(
4
∑
xi∈Z
qx
2
1+x22+x23+x24+x25+x2x5 +
∑
xi∈Z
qx
2
1+x22+x23+x24+6x25+x1x4+x2x4+x3x4
)
,
(3)
∑
xi∈Z
qx
2
1+x22+x23+x24+2x25+x1x4+x2x4+x4x5 ,
(4)
∑
xi∈Z
qx
2
1+x22+x23+x24+3x25 .
(b) We have the following linear relation:
3
∑
qx
2
1+x22+x23+x24+2x25+x1x4+x2x4+x4x5xi∈Z
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∑
xi∈Z
qx
2
1+x22+x23+2x24+2x25+2x4x5
+
∑
xi∈Z
qx
2
1+x22+x23+x24+x25+x1x4+x2x4+x2x5+x3x5 .
5. Dimension of genus theta series of even rank with level D, 2D and 4D
In this section we consider genus theta series of quadratic forms of even rank with level D, 2D
or 4D. First, introduce the following notations. Let {p1, . . . , pt } be the set of all prime divisors
of D. Then for a (t + 7)-tuple S = ((α,β), δ1, δ2, δ4, u1, u2, u4, up1 , . . . , upt ), we correspond it
to a set of genera of n-ary form f , called a S-type genus. The correspondence is given as follows:
(a) α and β are coefficients of one-dimensional components in Jordan splitting of f at 2.
(b) The remaining entries have the same correspondence as those described in Section 2.
By comparing values at all the cusps, we obtain dimensions of spaces generated by genus theta
series.
Theorem 5.1. Let g(N,χ) be the number of linearly independent genus theta series θ(genf, z)
for n-ary quadratic forms f with level N and character χ. Then, for an even integer n 6 we
have the following:
g(N,χ) =
⎧⎨
⎩
2t (N) if N ∈ {D,2D},
3 × 2t (N/4) if N = 4D, (−1)n1 ≡ 1 (mod 4),
2t (N/4)+1 if N = 4D, (−1)n1 ≡ 3 (mod 4).
Now we find the set of genus theta series which is a basis of Eisenstein spaces.
Corollary 5.2. Let, for fixed suitable up1 , . . . , upi , . . . , upt , T ((a, b), c, d, e, f, g,h) be a (t +7)-
tuple ((a, b), c, d, e, f, g,h,up1, . . . , upi , . . . , upt ). Suppose that n = 2n1 is even and n 6.
(a) Let pi be the prime divisor of D and let Ta = {((0,0), a,0,0, n1 − a,0,0, up1, . . . , upi , . . . ,
upt ), ((0,0), a,0,0, n1 − a,0,0, up1, . . . , upi + 2, . . . , upt )}. If  ≡ (−1)n1 (mod 8), ( ≡
(−1)n1 5 (mod 8)), then the set of all genus theta series of genera whose types are in T0 (T1,
respectively) forms a basis of the space En/2(D,χ(−1)n1).
(b) Let T(a,b) = {T ((0,0), a, b,0, u1 −a,u2 −b,0), T ((0,0), a, b,0, u1 −a−1, u2 −b+1,0)}.
If  ≡ (−1)n1 1 (mod 8) ( ≡ (−1)n1 5 (mod 8)), then the set of all genus theta series
of genera whose types are in {T(0,0), T(1,1)}({T(1,0), T(0,1)}) forms a basis of the spaces
En/2(2D,χ(−1)n1).
(c) If  ≡ (−1)n1 (mod 8), then the set of all genus theta series of genera whose types
are in {T ((1,7),0,0,0, u1, u2, u4), T ((1,7),0,0,0, u1 −1, u2 +1, u4), T ((1,3),0,1,0, u1,
u2 − 1, u4), T ((1,3),0,1,0, u1 − 1, u2, u4), T ((0,0),0,0,0, u1, u2, u4 + 1), T ((0,0),0,1,
1, u1, u2 − 1, u4)} forms a basis of the space En/2(4D,χ(−1)n1).
(d) If  ≡ (−1)n1 5 (mod 8), then the set of all genus theta series of genera whose types
are in {T ((1,3),0,0,0, u1, u2, u4), T ((1,3),0,0,0, u1 −1, u2 +1, u4), T ((1,7),0,1,0, u1,
u2 − 1, u4), T ((1,7),0,1,0, u1 − 1, u2,0), T ((0,0),0,1,0, u1, u2 − 1, u4 + 1), T ((0,0),0,
0,1, u1, u2, u4)} forms a basis of the space En/2(4D,χ(−1)n1).
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whose types are in {T ((1,−),0,0,0, u1, u2, u4), T ((1,−),0,0,0, u1 − 1, u2 + 1, u4),
T ((3,−3),0,0,0, u1, u2, u4), T ((3,−3),0,0,0, u1 − 1, u2 + 1, u4)} forms a basis of the
space En/2(4D,χ(−1)n1).
6. Dimension of genus theta series of odd rank with level 8D
In this section we consider the genus theta series of quadratic forms of odd rank with
level 8D. Let {p1, . . . , pt } be the set of all divisors of N . Then, for a (t + 9)-tuple S =
((α,β, γ ), δ1, δ2, δ4, δ8, u1, u2, u4, u8, up1, . . . , upt ), we correspond it to the set of n-ary forms f
of level 8D and fixed character, called a S-type. The correspondence is given as follows:
(a) (α,β, γ ) are the coefficients of one-dimensional components in its Jordan splitting of f at 2.
(b) δ8 (0  δ8  1) and u8 are the half of dimensions 8(x2 + xy + y2) and 8(∑i xiyi) in its
Jordan splitting at 2, respectively.
(c) The remaining entries are the same as those in the previous correspondences.
We may obtain the following theorem.
Theorem 6.1. Let n 5 be an odd integer. Then the number of linearly independent genus theta
series θ(genf, z) for n-ary quadratic forms f with level 8D, character χ or χ2 is 3 × 2t (D).
Remark 6.2. In the proof of Theorem 6.1 we find a set of genus theta series which is a basis of
Eisenstein space.
Corollary 6.3.
(a) Let T = {((1,1,2),0,0,0,0, u1, u2, u4, u8, up1, up2 , . . . , upt ), ((1,1,2),0,0,0,0, u1−1,
u2 + 1, u4, u8, up1 , up2 , . . . , upt ), ((1,5,10),0,0,0,0, u1, u2, u4, u8, up1 , up2 , . . . , upt ),
((1,5,10),0,0,0,0, u1 − 1, u2 + 1, u4, u8, up1, up2 , . . . , upt ), ((0,0,−2),0,0,0,0,
u1 + 1, u2, u4, u8, up1, up2 , . . . , upt ), ((0,0,−10),1,0,0,0, u1, u2, u4, u8, up1, up2 , . . . ,
upt )}. Then the set of the genus theta series of type in T forms a basis of En/2(8D,χ2).
(b) Let T = {((,2,2),0,0,0,0, u1, u2, u4, u8, up1 , up2, . . . , upt ), ((,2,2),0,0,0,0, u1 − 1,
u2 + 1, u4, u8, up1 , up2 , . . . , upt ), ((5,2,10),0,0,0,0, u1, u2, u4, u8, up1 , up2 , . . . , upt ),
((5,2,10),0,0,0,0, u1 − 1, u2 + 1, u4, u8, up1 , up2 , . . . , upt ), ((−,0,0),0,0,0,0, u1,
u2, u4, u8 + 1, up1, up2 , . . . , upt ), ((−5,0,0),0,0,0,1, u1, u2, u4, u8, up1 , up2, . . . , upt )}.
Then the set of the genus theta series whose types are in T forms a basis of En/2(8D,χ).
7. Dimension of genus theta series of even rank with level 8D
In this section we consider genus theta series of quadratic forms of even rank with
level 8D. Let {p1, . . . , pt } be the set of all divisors of D. Then for a (t + 9)-tuple S =
((α,α′;2β,2β ′), δ1, δ2, δ4, δ8, u1, u2, u4, u8, up1, . . . , upt ), we correspond it to a set of genera
of n-ary form f , called a S-type, of character χ or χ2 as follows:
(a) (α,α′;2β,2β ′) is the coefficient of one-dimensional components in its Jordan splitting of f
at 2.
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Theorem 7.1. Let n 6 be an even integer.
(a) The number of linearly independent genus theta series θ(genf, z) of n-ary quadratic
forms f with level 8D and character χ2 is 2t (D)+1.
(b) The number of linearly independent genus theta series θ(genf, z) of n-ary quadratic
forms f with level 8D and character χ is 2t (D)+2.
In the proof of Theorem 7.1, we find a set of genus theta series which is a basis of the Eisen-
stein space.
Corollary 7.2. Let n 6 be an even integer.
(a) Let l = 3 if  ≡ (−1)n1 or (−1)n1 5 (mod 8) and l = 5 otherwise.
For each character χ2, the set of all genus theta series of genera whose types are in
T = {((1,0;0,−2),0,0,0,0, u1, u2, u4, u8, up1 , up2 , . . . , upt ), ((1,0;0,−2),0,0,0,0,
u1 − 1, u2 + 1, u4, u8, up1 , up2, . . . , upt ), ((l,0;0,−2l),0,0,0,0, u1, u2, u4, u8, up1, up2 ,
. . . , upt ), ((l,0;0,−2l),0,0,0,0, u1 − 1, u2 + 1, u4, u8, up1 , up2 , . . . , upt )} forms a basis
of the space En/2(8D,χ2(−1)n1).
(b) For  ≡ (−1)n1 3 or (−1)n1 7 (mod 8), the set of all genus theta series of genera whose types
are in T = {((1,1;2,2),0,0,0,0, u1, u2, u4, u8, up1 , up2 , . . . , upt ), ((1,1;2,2),0,0,0,0,
u1 − 1, u2 + 1, u4, u8, up1 , up2, . . . , upt ), ((1,3;2,6),0,0,0,0, u1, u2, u4, u8, up1, up2 ,
. . . , upt ), ((1,3;2,6),0,0,0,0, u1 − 1, u2 + 1, u4, u8, up1 , up2 , . . . , upt ), ((1,−;0,0),0,
0,0,0, u1, u2, u4, u8 + 1, up1 , up2, . . . , upt ), ((3,−3;0,0),0,0,0,0, u1, u2, u4, u8 + 1,
up1, up2 , . . . , upt ), ((0,0;2,−2),0,0,0,0, u1 + 1, u2, u4, u8, up1, up2 , . . . , upt ), ((0,0;6,−6),0,0,0,0, u1 + 1, u2, u4, u8, up1, up2 , . . . , upt )} forms a basis of the space En/2(8D,
χ(−1)n1).
(c) For  ≡ (−1)n1 1 or (−1)n1 5 (mod 8), the set of all genus theta series of genera whose types
are in T = {((1,1;2,2),0,0,0,0, u1, u2, u4, u8, up1 , up2 , . . . , upt ), ((1,1;2,2),0,0,0,0,
u1 − 1, u2 + 1, u4, u8, up1 , up2, . . . , upt ), ((1,3;2,6),0,0,0,0, u1, u2, u4, u8, up1, up2 ,
. . . , upt ), ((1,3;2,6),0,0,0,0, u1 − 1, u2 + 1, u4, u8, up1 , up2 , . . . , upt ), ((1,−;0,0),0,
0,0,0, u1, u2, u4, u8 +1, up1, up2, . . . , upt ), ((1,3;0,0),0,0,0,1, u1, u2, u4, u8, up1, up2 ,
. . . , upt ), ((0,0;2,−2),0,0,0,0, u1 + 1, u2, u4, u8, up1, up2 , . . . , upt ), ((0,0;2,6),1,0,
0,0, u1, u2, u4, u8, up1, up2 , . . . , upt )} forms a basis of the space En/2(8D,χ(−1)n1).
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